In this article we develop a concentration compactness type principle in a variable exponent setup. As an application of this principle we discuss a problem involving fractional '(p(x), p + )-Laplacian' and power nonlinearities with exponents (p + ) * , p * s (x) with the assumption that the critical set {x ∈ Ω : p * s (x) = (p + ) * } is nonempty. keywords: Concentration compactness principle, fractional Sobolev space with variable exponent, fractional p(x)-Laplace operator, critical exponent.
Introduction
One of the most important theoretical developments in the theory of elliptic PDEs is due to the work of P. L. Lions ([16] in 1984, [17] and [18] in 1985). In his work he introduced the notion of concentration compactness principle (CCP) which became a fundamental method to show the existence of solutions of variational problems involving critical Sobolev exponents. A strong reason for the popularity of this principle is because it could address a way to compensate for the lack of compact embeddings amongst certain function spaces, which mostly resulted due to the presence of a critical exponent or due to the consideration of an unbounded domain. It aided to examine the nature of weakly convergent subsequence and determine the energy levels of variational problems below which the Palais-Smale condition is satisfied. Lions [17] gave a systematic theory to handle the issue of loss of compactness not only when it is lost due to translations but also because of the invariance of R N , for instance, by the non-compact group of dilations. Later, in 1995, Chabrowski [9] extended the result of Lions for semilinear elliptic equations with critical and subcritical Sobolev exponent but at infinity. Palatucci [22] developed a CCP which can be applicable to study a PDE involving a fractional Laplacian and a critical exponent term. At this point, we also refer the reader to the noteworthy work on CCP due to Dipierro et al [10] (Proposition 3.2.3). Mosconi et al, further generalized the result due to [22] which can be used to analyse equations involving fractional p-Laplacian with a critical growth [20] and with a nearly critical growth [21] . A CCP was recently proposed by Bonder et al. [7] , which can be used to study problems involving the fractional p-Laplacian operator for 1 < p < N s in unbounded domain. It is also noteworthy to refer to the problem addressed by the authors in [3] where they have discussed the existence of multiple nontrivial solutions of (p, q) fractional Laplacian equations involving concave-critical type nonlinearities using CCP. An advanced version of CCP of P. L. Lions is obtained by Fu [12] for variable exponent case dealing with Dirichlet problems involving p(x)-Laplacian with critical exponent p * (x) =
N p(x) N −p(x)
. Moreover, Bonder and Silva [6] developed a more general result for the variable exponent case where the exponent does not require to be critical everywhere. The author worked with the exponent q(x) considering the set {x ∈ Ω : q(x) = p * (x)} to be nonempty. In the recent years, an increased interest among the researchers has been observed to the study of the following type of elliptic equations.
where (−∆) s p(x) is the fractional p(x)-Laplacian, the domain Ω is bounded in R N , p(., .) is a bounded, continuous symmetric real valued function over R N × R N and the function g has a subcritical growth. The solution space for the problem in (1.1) is the fractional Sobolev space with variable exponent which is defined in Section 2. Readers may refer [1] , [2] , [5] , [14] , [15] and the references therein for further readings on problems of the type as in (1.1). The present work is new in the sense that-to our knowledge-there is no existence result for the problem
where s ∈ (0, 1), (Ω), it is difficult to prove the concentration compactness principle for fractional Sobolev space with variable exponent. The novelty of this work lies in our usage of two critical exponents q * , r(x) with the assumptions that 1 < q < inf(r(x)) ≤ r(x) ≤ q * < ∞ and the critical set {x ∈ Ω : r(x) = q * } is nonempty in deriving a concentration compactness type principle (CCTP). This is an important finding owing to its importance in studying the existence results in elliptic PDEs of the type (1.2). We have further discussed the problem (1.2) in Section 4 as an the application to this principle for a Dirichlet problem involving fractional '(p(x), p + )-Laplacian' with the critical exponents (p + ) * and p * s (x) assuming the critical set {x ∈ Ω : p * s (x) = (p + ) * } to be nonempty.
Statements of the main results
Following the original method discovered by P. L. Lions [17] we derive a concentration compactness type principle which is given in Theorem 1.1 below. The proof of this is in Section 3.
Let {u n } be a bounded sequence in W s,q 0 (Ω), then there exist u ∈ W s,q 0 (Ω) and bounded regular measures µ, ν 1 , ν 2 such that, up to a subsequence,
where t ⇀ denotes the tight convergence. Define a measure ν as ν = ν 1 + ν 2 and assume that the critical set A r = {x ∈ Ω : r(x) = q * } = ∅. Then for some countable set I we have
where {x i : i ∈ I} is a set of distinct points in R N , {ν i : i ∈ I} ∈ (0, ∞), {µ i : i ∈ I} ∈ (0, ∞) and the constant S = S(N, s, p, r, Ω) > 0 is a Sobolev constant defined as
The definition of tight convergence is given in the Section 3.
As an application of Theorem 1.1, we will prove the existence of nontrivial weak solution of the following nonlocal problem with critical growth, 8) in Section 4, where (−∆)
The result is stated in the form of a theorem as follows.
. Further, we assume that the critical set
The notations and important results will be discussed in the succeeding section.
Important results on Sobolev spaces with variable exponent
Let Ω be a bounded domain in R N and denote
Let p ∈ C + (Ω) and ν be a complete, σ-finite measure in Ω. The Lebesgue space with variable exponent is defined as
which is a Banach space endowed with the norm (see [11] )
For dν = dx we will denote the Lebesgue space with variable exponent as L p(.) (Ω) whose norm will be denoted by u L p(.) (Ω) . We now give a few more notations and state Propositions which will be referred to henceforth very often.
(Ω) and this embedding is continuous.
We fix the exponents 0 < s < 1, p ∈ C + (Ω × Ω), q ∈ C + (Ω) and assume that p(., .) is a symmetric function, p(x, y) = p(y, x). We define the fractional Sobolev space with variable exponent and the corresponding Gagliardo seminorm as (see [2] )
The space W s,q(.),p(.,.) (Ω) is a Banach space equipped with the norm
One can continuously extend p to R N × R N and q to R N , using the Tietze extension theorem, such that p ∈ C + (R N × R N ) and q ∈ C + (R N ) respectively. We now address another type of variable exponent fractional Sobolev space, denoted as W , by
The corresponding norm is given by
We define a special subspace of W , denoted as W 0 , as follows
The norm on W 0 is defined as
Lemma 2.3 ([5]
). Let u, u k ∈ W 0 , k ∈ N and define the modular function as
Then we have the following relation between the modular function and the norm.
Remark 2.4. The notion of fractional Sobolev space with variable exponent is a generalization of fractional Sobolev space with constant exponent. Let q ∈ (1, ∞), then we denote the fractional Sobolev space
Given below are a few well known Propositions and Theorems in the literature. Theorem 2.6 (Theorem 6.5, [25] ). Let 0 < s < 1 and q ∈ [1, ∞) with sq < N. Then there exists a constant C > 0 depending on N, s, q such that for any measurable and compactly supported function u :
for every
, there exists C > 0 depending on p, s, q, N, Ω, and β such that for every
Moreover, the embedding from W 0 to L β(.) (Ω) is continuous and also compact. (Ω) need not be embedded in W 0 .
(Ω) endowed with the norm
and is compact whenever
The proof of the above lemma is a straight forward application of Proposition 2.2, Propositionn 2.5 and Theorem 2.6.
Concentration compactness type principle
In this section, we establish the concentration compactness type principle. We now prove our main result with the help of a few properties proved below.. The following two lemmas provide the decay estimate and the scaling property of compactly supported nonlocal gradient of smooth functions.
where C depends on N, s, p, φ 1,∞ .
We now state and prove the following Lemma.
Proof. We first observe that
and decompose the integral on the right hand side of (3.9) as follows.
We try to find L ∞ bounds of these two integrals.
and
In order to obtain a decay estimate, we restrict ourselves to the case where |x ′ | > 2 such that φ(x ′ ) = 0. Hence, we observe that |x
Combining (3.9), (3.10), (3.11) and (3.12) we get
where C > 0 depends on N, s, p and φ ∞ .
The next lemma plays a major role in the proof of Theorem 1.1.
Then, we can find an atmost countable set I, a collection
To prove the above theorem we need the help of the following lemma proved below.
Lemma 3.4. Let ν be a non-negative and bounded measure such that for any bounded measurable function ψ, there exists some constant C > 0 such that
Then there exists λ > 0 such that ν(B) = 0 or ν(B) ≥ λ for all Borel sets B.
Proof. Let us consider a Borel set B and the characteristic function χ B . Then for ψ = χ B we have
From the hypothesis of the lemma we have
This yields
For the case ν(B) ≥ 1, we get Cν(B)
Hence, either ν(B) = 0 or ν(B) ≥ C N s . Working on similar lines for the case ν(B) ≤ 1 we obtain our desired result.
Proof of Lemma 3.3. Following the proof of Lemma 3.4 and using (3.13) we can see that the measure ν is absolutely continuous with respect to the measure µ. By the Lebesgue decomposition of µ with respect to ν we can express µ as
, f ≥ 0 and ξ ≥ 0 is a bounded measure singular with respect to ν. Now with the choice of φ = f 1 q * −q χ {f ≤n} ψ, for some bounded measurable function ψ, we can rewrite equation (3.13) as follows
Hence, from Lemma 3.4 we conclude that for a λ > 0 and for any Borel set B, either ν n (B) = 0 or ν n (B) ≥ λ. Now following the proof of Lemma 5.1 (stated in the Appendix) we can guatantee that there exists collection of disjoint points {x i : i ∈ I} (I countable) in R N , {a n i : i ∈ I} in (0, ∞) such that ν n can be represented as
On the other hand, ν n converges to f
there by proving the claim of the lemma.
Proof of Theorem 1.1
Before proving our main result we discuss some important results and definitions (refer [21] ). Proof of Theorem 1.1. Let {u n } be a bounded sequence in W s,q 0 (Ω). Since u n ≡ 0 in R N \ Ω, the sequences {|u n | q * } and {|u n | r(x) } are tight. By the Prokhorov's theorem the existence of two positive Borel measures ν 1 and ν 2 are guaranteed such that |u n |
Consider an open, bounded subset
c and y ∈ Ω, there exists a constant C d depending on d such that |x − y| ≥ C d |x| and
So the tightness of the sequence {|D s u n | q } follows from the above inequality. Hence, there exists a Borel measure µ such that |D s u n | q t ⇀ µ and (1.3) is proved. Since r(x) ≤ q * , using the Proposition 2.1 and Theorem 2.6 stated in Section 2, for any φ ∈ C ∞ c (R N ) with 0 ≤ |φ| ≤ 1 we have the following Sobolev inequality.
where S is the Sobolev constant given in (1.7). Observe that
We first consider the case when u n φ L r(.) (R N ) ≥ 1. Then the above inequality (3.17) becomes
For the case u n φ L r(.) (R N ) < 1, we have 
Now using the Minkowskis inequality we get
Since {u n } is bounded in W s,q 0 (Ω), there exists u ∈ W s,q 0 (Ω) and a subsequence, still denoted as {u n }, such that u n converges weakly to u in W s,q 0 (Ω) and strongly in L β(x) (R N ) for any 1 < β(x) < q * . By the Corollary 3.1, we observe
We denote the measure ν = ν 1 + ν 2 and hence
Considering the inequalities (3.23), (3.24) and applying limit n → ∞ in (3.22) we have
Now suppose that u = 0 and u n → 0 weakly in W s,q
By the Lemma 3.3, there exists a set of distinct points {x i : i ∈ I} ⊂ R N and {ν i :
Suppose that u = 0. Then the sequence {v n }, when v n = u n − u, is bounded in W 
Clearly the sequences {|v n | q * } and {|v n | r(x) } are tight. Hence, on similar lines the representation of ν is given as 
Without loss of generality, we can assume x j = 0 and denote φ ǫ = φ ǫ,j . Using Corollary 3.1 we have
Thus,
The first term I can be estimated as
For the second term we proceed as follows
This inequality is true for any δ. Thus II → 0 as ǫ → 0. Hence, the claim. In order to prove (1.6), we first observe that
On the other hand
Thus, on rewriting the inequality (3.26) we establish the inequality in (1.6).
We are now left to prove (1.4). We already have µ ≥ i∈I µ i δ x i . On using the weak convergence and the Fatou's lemma we have
Thus, µ ≥ |D s u(x)| q . Since, i∈I µ i δ x i and |D s u(x)| q are orthogonal measures, we conclude
This completes the proof. In this section we study the following problem
as an example to demonstrate our theoretical finding of CCTP.
Here Ω is a bounded domain in R N , λ > 0, the assumptions on s, p(., .) are same as in Theorem 1.3, β ∈ C + (Ω) such that β(x) < p * s (x) for every x ∈ Ω and p
We consider here the critical case, i.e. when A = {x ∈ Ω : p * (Ω) ∩ W 0 , defined in Section 2, which is endowed with the norm
Definition 4.1. A function u ∈ X is said to be a weak solution of problem (4.31), if u is a critical point of the corresponding energy functional
We will use the Mountain Pass geometry to prove the existence of weak solution to the problem (4.31). Hence, we show that the functional Ψ satisfies the Palais-Smale (P-S) condition below a certain energy level.
Lemma 4.2. Let {u n } n∈N ⊂ X be a Palais-Smale sequence, then {u n } is bounded in X.
Proof. Let {u n } be a Palais-Smale sequence of the functional Ψ, i.e. Ψ(u n ) → c and Ψ ′ (u n ) → 0 as n → ∞. Hence, for large n we have
Thus, {u n } is bounded in X.
Lemma 4.3. The functional Ψ in (4.32) satisfies the Palais-Smale (P-S) condition for energy level
where S is the Sobolev constant given in (1.7).
Proof. Let {u n } be a (P-S) sequence in X. Then by Lemma 4.2, {u n } is bounded in X and thus there exists u ∈ X such that, up to a subsequence (still denoted as {u n }), {u n } converges weakly to u in X. We need to show that u n → u strongly in X. Since {u n } is bounded in X, {u n } is also bounded in W 0 and in W s,p + 0
(Ω). Thus, using the concentration compactness type principle, stated in Theorem 1.1, we have
Let us denote
and consider an open, bounded subset D of R N , defined as in the proof of Theorem 1.1. Then for any x ∈ D c and y ∈ Ω, there exists a constant C d such that |x − y| ≥ C d |x| and
Therefore, the sequence {|U n |} is tight and there exists a positive bounded Borel measure σ such that |U n | ). Since {u n } is a (P-S) sequence, we have Ψ(u n ) → c and Ψ ′ (u n ) → 0 as n → ∞. On the other hand
. Since, {u n } is a bounded sequence in W 0 , on using the Hölder's inequality on the first term in the right hand side of (4.33) we observe
where k is either p
. Thus, applying limit n → ∞ in the above inequality (4.34) we get
We now make the following claim. Claim:
Without loss of generality, we assume that x j = 0 and denote φ ǫ = φ ǫ,j . Using Lemma 3.2 we have
We observe
Hence, I → 0 as ǫ → 0. Similarly the second term in the right hand side of (4.36) can be rewritten as follows.
+ |u| |u n (x) − u n (y)| p(x,y)−2 (u n (x) − u n (y))u n (y)(φ ǫ,j (x) − φ ǫ,j (y)) |x − y| N +sp(x,y) dxdy → 0.
Following the argument used in the proof of (4.34) and using (3.29) we find lim ǫ→0 lim n→∞ R 2N |u n (x) − u n (y)| p + −2 (u n (x) − u n (y))u n (y)(φ ǫ,j (x) − φ ǫ,j (y)) |x − y| N +sp + dxdy → 0.
Passing the limit n → ∞ in the inequality (4.33) we get and hence the claim. Thus, we conclude that there exists a critical point u of Ψ in X which is also a weak solution of the problem (1.8).
Conclusion
We have developed a concentration compactness type principle in a variable exponent setup. This has been applied to a problem involving fractional (p(x), p + )-Laplacian to guarantee the existence of a nontrivial solution.
